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1. IId,roduction. Kcck tclcscopc  is plar]ning  to utilize ada~,tivc optics technolo~y  to improve the
reso]uliorl  of t,hc il)slrumcnt.  ‘1’elcscopes opcratirlg  in the atrnosphcr-e  arc lirnitcd  hy the seeing condi t ions
at ttIc tclcscopc  ol)scrvatiorlal  site. An cxccllcri sccirlg  site such as Maurja  Kca affords diffraction ]imilcd
tc]cscc~l)(! ])cl-forl[ltirlcc  toa]jcrturc  sizmofaI)])roxirrlatc]y  .%n. ~'lJccc)rlsequcrlcc  oft}Jis  ]inlitorl &strorlornical
olm!rvatioll  is that althoug}l a large telescope such as Keck has trcrrlcndous  lig}lt gat}lerirl~ power, the
rcso]utiork  oft}lc  IOrn  i?lstlulrlcrlt  is tlot sigrlificarltly  greater t}larl t}m r~solution  of a .3m tclmcopc.

2’}Ic  o~)jcclivc  of this sludy is to invcstigat,c  and cornlmrc slope and curvature wavcfrorlt  scnsillg  ~ncthods
for a proposed ?Ialural  guicic star adaptive optics  systcm  for t}lc Kcck tclcscopc.  Specifically wc will evaluate
the error irl wrrvcfror)t  reconstruction resultirlg  from thmc wavcfront  serlsing Irlcc}lanisrns.  A Ir]ocfc]  of t}lc
Kcck tclcsco~)c  is used to corroborate the al)alysis  a~ld to simulate the curvature sensor; A hricf  summary
of t}lc pa])cr follows.

‘1’}Ic  seco]ld  scctioll  analy~es  t,he curvature .smlsirlg rr)cthod. q’hc analysis includes nonlinear-, diffraction,
al}d lIoisc c[rccts. Within a gcoxrlctric  ]rlodcl of irltensity  propagation it is showrl that the ~lonlinearities
of the sclwor can t)c characterized through t}~c Gaussian  curvature of the wavcfront  . ‘1’hc  scale of this
]Iorllirlcarity grows with the sensitivity of the ~rleasurcmrnlt. All expression characterizing the halancc  twtwecn
the Ilolllirlcarity  and noise characteristics is derived. It is showrl that diffraction effects can hc irlcorporated
virr a co?lvo]ution  of the curvature sigrlal with t}lc poirlt s])rcad function of the telescope.

Section 3 deals with reconstruction error for sloj)c scrwi]lg and curvature sensing. Covariance  matrirxs
of t}m reconstruction error for hot}l sm]sing  methods arc devc]opcd.  ]br the case of square arrays analytic ex-
pressimls  arc given for the reconstructed wavcfront  variarlcc.  It is shown that t}msc variances are determined
fro~n the cigcrlvalucs of t})c 1,ap]acian operator discrctizcd  hy a 5 point scheme. IIccau.se  these cigcnvalues
arc krmwn for the square georrlctry, the vrrrianccs can hc simply calculated.

lrl the fourlh  scctiorl  a ~r]orc detailed conrlcction  l~ctwccn wavcfrorlt reconstruction and correction is
dcvclol)cd to ar]alyzc the t,radm  hctwccn  curvature and s]oj)c scrlsing. It is shown that t.hc umtritnrtion of
scllsor/rccorwtructiorl  error to the correction error depends on the actuator placclncnt.  This is in corhrast, to
?rlost arialyscx+ w}lcrc fitt,ing error and sen.sor/reconstruction error arc treated indcpcndcntly.  q’hc numerical
results ccnl]])arir]g  curvature aTld ]Iarlrtla~lrl serlsor wavcfrord, reconstruction indicated that for the scale of
t}m Kcck ada]~tivc  optics systcrr]  urldcr considcratiorl]  (rippr-oxirnatcly  100 sut)apcrturcs),  IIartrnann sensor
csli]nation  error was superior to curvature serwor estirnatiorl  error. I Iowcvcr,  it was observed that curvature
serlsi~lg corr]parcd rnorc favoratdy  as the rml[ll)cr  of serlsors increased as opposed to dccrcascd.  g’his  result

23 ~’llis pherlor[lcnon is explained in tcrrns  ofis .w)~rmw}]at  cor]trary  to what has been prcvious]y  rcpc)rlcd I .
the uccwucy  (irl the .sen.se that the l,aplacian is a second order rneasurcnlcnt  w}lilc a gradient is a first order
II)casurcvlmrlt)  of t}lc two scnsil]g rrlct}lods, and an rrsyrn]]tot.  ic expression is g-ivcn for the estimation variance .
for 1 mt}l scllen )cs.

2. Curvat.urw  Sensing.
‘1 ‘hc nlct}lod of curvature scnsirlg using illtcrlsity  nwa.surcrrlcnts to approximate t}m I,ap]acian  has been

456 lh-icfly, this n)ct}lc)d relics cm forrriing a normalized difference of intensitiesdcscrihcd  in several papers ~ I ,
in two ~)larws  symmctrical]y  displaced from the focal p] arm. q’hc derivative of the irltcnsity  in the direc-
tiorl of propagation is shown to trc proportional to t}m 1,rr])lacian  of the wavcfrorlt surface. Thus, intensity
mw)surc]ncnts  in displaced planes  normal to the direction of propagatioxl  provide a finite difference approx-
irrmtion to the differential interlsityj  and hence to the wavcfront  1,aplaciar). !f’he I,aplacian  togct}lcr  with an
csti I1mtc of tlw wavcfront  slope normal to t}m tlourldary  is sufficient to pose a slandard Ncurrlann problem
for rx+tirllating the wavcfrori,.  ]n this manner curvature sensing provides an alternative rnet}lod  for wavcfront
rccorwlruction.  Of particular interesl }Lcrc is the pcrforlrlance  of this rncthod  as a function of displacement
frortl  the focal plane. q’hc trades investigated are hctweerl sensor sensitivity and sensor nonlinearity. We will
also irlvesti gate  how diffraction affects the curvat,urc  sig~l al. We hcgin hy discussing how tlm sigr]al gives an
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[l]~]~rclxilti:ltioll  to the 1 ,aplacirm.
F’ix a lIlaT]c  1) Lransvcrsc t.o Lhc cfirwctiorl of pro~m{tation. 1,ct the function z Tcprcscnt  the wavcfront

error funcliorlj the deviation of the wavcfront  from hcin{:  a p]arlc wave propagating in the z– direction. 1,ct
Io(x, y) dcllotc  t.hc irtcr)sity of the signal at a point (x, W) E }’. From geometric optics, the intensity 1:1 at
a ])oint displaced a distance 3.c a]or]g the 7L077/lnl to the wavcfrorlt surface is given hy

whc]c  11 and K arc the rrlcan apd Cau%si:m  curvaturm of t}lc surface, rcspcctivcly,

(1)

(2)

] lcrc AZ dc]lotcs  the I,aplacian,  Az = Zzr + Zvv. }~xprcssion (1) can hc dcduccd  from the intcrlsity  law
of gccnnctrical  optics’ and curvature fornmlas  for parallc]  dis]]lacwncnt  of surfaccs8.  IJcfinc the normal izcd
clifli:rcrlcc  Q as

It is straightforward to s}mw  that so long M 13  2cII  -I C7J{ <0,

‘J’}lis t,ot;cthcr with t}lc Zssurrrption  of paraxial  rays leads to the trans]~ort  equation

al
& =- VI . V2 -I IOAZ.

(3)

(4)

(5)

‘J’}ic  traTqjorL  equation at)ovc is also valid under paraxial  ],}]ysical  optics a.~sur1q)tions4.
l’or ~lmst a~)])lications  the ggradicnt  of the intensity VI varlishcs across  the a])crturc  a?)d (5) involves only

Lllc JJrq]lacian tcrlu, ‘1’hc  curvature signal is usually lrlodclcd hy the transport equation, although the cx-
],1 essiori for Q captures the finite difrcrcrlcc  ap~)roxi?natio]l  (wil,hir]  the gcornctric  optics mode] for now) t}~at
is nmdc in the actual irnplcrncrltation  of t}lc sensor. lJsirtg t}lc trans])ort  equation requires sr[lall displacs
II] CrILS hccausc  it is a Iincar  approxilrlation.  ‘l’hc purpose here is tc] S}IOW the trade hctwccn  displacements,
nolllincaritics,  and sensitivity, and thus (4) is nlorc  applicahlc.  2’}Ic  scrlsitivity  of the sctmor will bc shown
to irrl~mrvc for large displaccrrlents  (big c), however the Imn]incarity  fronl the Gaussian curvature term will
thcll hccorrlc more sigrlificant.

Collsidcr  an iItI1]lc~[\critatioti  of the curwiturc  sensor wl]crc t}lc entrance pupil  is irnagcd in the symmetr-
ically p]accd planes l’: and l; , each at a dislancc  1 fro~ll t}ic focal plane 1’. 1,ct j denote the system focal
lc]lglh.  q’hcrl the value of the c t,crfr] in (4) earl hc showrl to hc c % j2/lj for 1<< j. This latter condition
is tyr)ically  easily satisfied. (F’or  the Kcck application] j z 150rrL arid 1 < .1 m.)  Within the assumptions of
geor[lctric  optics and paraxial rays the following rclatiolwllip  bctwccn  the normalized irltcnsity  difference in
tl)c illlagc planes and the l,aplacian at a poirlt (x, y) irl t}lc pupil plarlc  holds:

::, ( -  lz/j, - ly/j) - 1. (lz/j, / y / j )  -  CAZ
1, (- /z/j, - ly/j) + I. (lx/f ;/y/j) ‘“ i -i”i2Kz ‘

(6)

wllcrc Kz agairl denotes the ~~aussia~{ curvature of Lllc wavcfront  2.
Next wc will investigate how noise affects this sigrlal. Assurtle a .scnsor  integration time of A9’ seconds,

and ]ct A dcrlotc  the area of the detector in t}lc p]arm+s 11’. and }{; , ‘1’hc numhcr  of photons  captured t,y
these detectors cwcr t}lc period AT’ is nlodc]cd as indcpcrldctlt  Poisson processes IV.l and N. with rrlcarls
~.{ a rld ~- , rcspcctivcly.  l’hc  rncan sigrlal i~ltcrlsitics in t}lc two planes arc then

(’?)
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1,ct )0 c (I.l -I 1. )/’2, rind define the r-anclorrl variat)]c ~ I)y

‘1’11(;11

j=.-~+ - ~’
!210A?’A “

}+$’] . ;; ; ;: ,

and t}m varirr?)cc  of t}lc cstirnatc is cornputcct using I,}]c ]’oissor]  statistics as

1*’roIJI  (3), (4), and (9) ohscrvc  that

(8)

(9)

(lo)

aIld Collscquclltly
AZ=  }~(~/c)  -I ~J(z)/c. (12)

Now clcfi~ic the random variable q = ~/t - l;(~/t). ‘1’hc  tflcasurcd

and thUs WC arrive at t}lc sensor Trlodc]

with

from (8) is

(11)

(13)

(14)

(15)

. ] ]r!rlcc I,l]c ~~alarlcc that II IIIS~ be maild,airlcd is tc) keep t}lc noise ]CVC] srrla]] hy c]lomirlg c to bc 8.!! ]arge m
J)ossit,]c, w}ii]c  kecpirlg the nonlincarit,ics  at bay with c sufliciclhly  Srnal].

3.3. l)ifrraction llflccts. ‘1’o ur)dcrstarld  how diffraction modifies the geometric rnodcl of curvature
scxlsi tip;, let, h, (z)  dcllotc  the irnpulsc  response bctwccrl  the object plane 0 a?]d t}lc image plane }’~1 . I)iffrac-
tio?) cfrccts at t}lc plane 1’; can bc rr)odclcd  by convolvi~l{[  tl]c int,cnsity  1., (x, ~) with the squared modulus
of t}lc irll~mrlW  rcsl)oYlscg,

l.f’ff(z+  , y, ) = I lh , (x+ - 3, y., -- 7J)121., (2, y)dmfy, (16)
}:.

wtlcrc l.l (z, y) is the geometric optics prediction] of t}lc il]tcllsity  in t}lc irnagc plane arid Xl is the suppori
of 1., (where it is nonzcro).  For 1 << j wc can rcplacc  }L, with }1, where }1 denotes the impulse respon.sc  irl
the focal p]a]lc. ])iffraction  effects in the plane l’. call bc approximated in a sinlilar  lnarmcr:

W]l(!r(! ]. (2:, y) k thC f~CC)IIIChiC  O~tiCS iIltCrlSity  ill }{’. ,
1,ct X dcrlotc  the Ch2ir2LC@ktiC functiorl  of a set (x(,9)(z)  . 1 if x c S, O otherwise), arid define t}le

nor~lmlizcd  i~llpulse response h
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l’}w followirl[;  cx~}rc%siotl for the clifiractcd  curvature si~,[lii] is ol)taincd

where * dcrlol,cs convolution. ‘J1hus for points far rmwvc d from Lhc pupi] cdgcsor  obscurations (i.e, well
witl~ill the illtcrior  of >;.l ny.. ), the curvdurc  sigll:d is c}iar-actcrizcd  hy convolving the individual t,crrns of
tllcp,cc)lllctricrflodcl  wit}l L}lc;~oitlL sJ]rcad fullctiorl ofttlc:  irlstrurrlcrlt.  ]1’orsystcrlls  with ]argcapcrturc, kis
arl a])])roxirllatc 6 function, and wc rccovcr the ~coIIlcLric  ]r)odcl.

Modifyitlg  Lhcscnsor  ]Ilodcl to include cliffractioll cff’ccts is straightforward. ]~or pointsin the interior
of >;., f] >;- , l,hc csstirnator  is not cstirnatirlg  t}lc ],aplaciar)  of the wavcfrorlt, Az,  hut t}m convolution of the
i,}lc ] &rlJlucia?l with the normalized point  spread functiorl of the illsf,rurncrlL. q’hus l,hc rnodcl t)ccorncs

y: ~L*Az-I jl~~)-l  1], (20)

w}lcrc * ap;ail] denotes convolution, ~) is the nonlinear term from (1 4) arid thc rloisc tcnl”r n has  the sarnc
sLaLisLics ZL$ I)cfc)rc,  ClosCr to t,}m hour] darics  of the obscurations ar]d pupi] edges t}]c quotient rnodcl (19)
?rmst I)c used. (’1’hc quotient model also cxplairm how the intensity signal can hc used for csLilrlating Lhc
radial derivatives on the boundary.)

l’;xalrII~lcks  of t}m ~urvaturc  Sigrml. q’hc Zcrrlikc  lmlyrlornial for tilt is

2(x, g) . -~t (or z = ~i COSO irl polar  coordirlatcs); IL=- pupil  radius.

IIclwc,
Az = O.

q ‘hc zero 1,rr]]lacian  of tilt is captured by the intensity signal in l’igurcs  1a- lc. In each of these figures
wc c}Iosc the dis~)laccmcrlt  1 from focus to hc .05m, wld the focal ]cIIgLh of  the  syslcrn,  f= 150rn. Thus
c : 4.5 x lo~. l“igurc 1 a cmltaills  the Keck prmcri])tiori  without central obscuration frorll the secondary
lrli~-ror. ‘J’}Ic Inagllitudc  of the sig~]al ir]crcrrxs  to unity  at the cd.gc of the pupil. F’rorn .gcorr)ctric  optics
considcratio?wj  the width of Lhc signal where it a])prc)xirlmtcs  unity can he shown to bc propor-lional  to the
radi:d  derivative of the wavcfrorlt a~)crration.  l(’igurcs  1 t) 1 c co]]tain t.hc signal with obscuration. q’}icrc is
r[lcm: rill~;illg  to t}ic sigllal in these casm bccausc  of the di fir-action ccmtributiorl  of the sccorldary  mirror. ‘J’hc
sip;ll:d irl t}lc ccntcr  for ]~igurcs  II) ] c is duc crlt,irc]y  to diffraction. }Iccausc the ahcrratioxl  consists of al) x--
axis tilt, tl)c  tcrrlls  ccxltaining  the l,aplacian and Gaussiarl  curvature in (19) disappear. AloII~  the y- axis
wc would CXI}CCL  tllc sigrlal to dinlirlish irl the ot)scurcd region t)ccausc  the terms ill the nurrmrator  callccl.
‘1’his is prcciscly  the case as earl hc oh.served in Figure Ic.

q’l)c Zcrllikc polyrlcnr]ia] for defocus is givcrl  l,y

Z(Z, y) = 2(~t)2  -} 2(~t)2  -- 1; R= pupil radius

‘J’hus wit]]  a cocfficicrlt of p mu]tip]yillg  the defocus Lcr[u, the rcsu]ting  ],alJ]acian

<AZ ,  -8p
](2 “

‘J’llc corrcs]jorldirjg  geometric curvature sigrlal for defocus is givc~l hy

is

Ir) both casrxs the sig[lal is constant. ‘J’}]c norl]irlcarity  i~ltroduccd hy the Gaussian CUrVdtUrC  i,crrn in t}le
dclmrrlirlator  is sccrl irl the sir[lulations  by corrlparir].g  intcrwitics  from norlnalizcd  irltcnsity  maps as the irnagc
],la]lcs arc rllovcd closer tc) focus (1<’igs.  2a- 2c). ‘J’hc irltcnsitics  ir~crca.sc suhlincarly  bccausc  of this tcrrn.  ]n

4



$+. .

‘J’at,]c 1 L]IC va]ucs  prccticted  hy ]inwrr  theory (5), Lhc gco~l~ctric siglml (4) a]~d the simulations  arc coIn~Jarcd.
‘1’}m p,corrlctric prediction and the sirllulatiolls  agree vc]y WC]], while tile lirlear cstinlatc overrxtirllatcs  the
sif,Ilal :LS L}IC ir[mgc phLIICS arc It)ovcd closer to focus.

4. Wavcfront  lbcotlstructioli.  The prohlcrn of wavwfront reconstructic~tl is to estimate the wavcfront
across ar] apcr  Lure from sarr~I)lcd  values. ‘J’hc sarrlp]c  values arc ohtaincd froln rrlcrrsurcrllcnt  dcviccxs such
aS [L ] ] al”hllarl?] SCIISOr,  a ShCarirl~  illtCrfC!rOrtlCtCr, Or CUT VatUrC  SCI)SOr. ~ihrxw scJRors  do Id provide direct
illforr]latio)l of the wavcfrot}t,  but only of first or sccolld derivative in forlnation  through cithrx  slope or
cur vaturc  lncasurcrnc~lt.

I’}m gmwral setup of the rcconsttuction protdcrrr  is fairly sirnplc. 1,ct an ripcrlrrrc hc def ined hy a
rcgiorl  J) ill a plane with boundary dl~. The  reconstruct.io]l prohlcrn  for slope nvasurcmcnts  is to dcterrninc
W(Z),  z c 1) g iven a  sarnplc  of t}lc gradirmt  of W, VJ7(~i),  i = 1, . . ..m The prohlcrn  for curvature
scrlsirir; is to rxsti~[lat,c  W(Z) given t}lc sarr)plcs  AW(~i),  i .= 1, . . . . 72. If’or  sim~)]icity wc will ASSUTIIC  the region
ill t}ic lJlaric is a square, (It can he showIi that with little penalty ill cstirnation  error, the reconstruction
l,rohlcm  car] always IIC ir[lhcctdcd irlto a square, fr-orrl  wl]crc it is poss,it,]c  to cxl,loit  the specific structure of
the cst  irnatiotl  prohlctn’  0. )

W7C will assurrrc  that the square is d x d urlits  atld there are (N -} 1)2 regularly s~)accd  ~lodcs. Wc
]ct  /L dm~otc the mesh width, so that }~ ❑ - d/N. Wc hegirl with an analysis of s]rrpc rrlca.wlrcrncnts  in this
corlfi~;uratio]]. At each ~IJcsh point cm[sidcr the noisy vcclor  c)f s]opc rnc~surcrrlcnts

with ?/ij m-o  rrlcan for every i and j, arid wit}] constant, covaria~]ce }J(~~~~ij)  = o 212X2.  (Under reasonable-.
rr.c+surll~)tioris the z a]ld w s]opc rnca.surcrr)crks  crrrl he treatcct  as indcpcnclcnt  .)-11

‘1’}w  grad  icrlt VW (xi, Yj ) is approximated at irltcrior  ~ncsh points hy t,hc difference operator Ah,

(A,,u)(ij)  = (:i~-’ ‘): “i~ :ii y ‘ij ) (23)

q’o clcvck~~) tllc rnillirr]r-rrn variar)cc rxtirnator  we write the diflcrer]cc o])crator  ahovc as

[ 1

1 AT
A}, = j, Ay (24)

W}](!I  c
(AzU)(ij) , ZLij-{  I ~~ ~ij,

arid
(AyU)(~~)  = tii.l ,j ~ uij.

If A has illdcpclldcnt  columns, the rni]]imurn  variance solution is ohtrrined as

L :. (A T’ A )- ‘Aq’y, (25)

observe that sillcc A has a llonf,rivial  kcrnc] spanrlcd  hy t)m single vector v =- [1 . . . 1]7’,  A7’A is not invertible.
‘1’}lis  is rrwrcly  a urliqurxmss  problmrl, and orw way of fixirlg  solutions is to dcfirlc a r[lap W : lttN+ 1)2-  1 -J
IL(N-}  ‘)’ so that the range of q~ is the orttlogonal  corllplerrlcnt, call it U, of tl]c srrbspace spanned hy v. We
earl IIOW repose the prohlcm  as finding the linear t[linurnurrl  variatlcc  cstirllatc iri the subspace  U:

~’his is equivalent to the prohlcm

rrlir} ~’;(l!l(ti~ - 7.LJ)[2);  y = A}, Yw -} 7/ (27)
u-l

tj
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‘1’his rc~mscxl prot)lc]l] }I:LS !JIC interpretation that wc arc scckirlg solutions to the prohlcm  where the “I~lcan”
wavcfro~it  is zero. Wc could have c}losc~l  a~lyotllcr  rrmt,rix,  say 1’: It(N} ~)’  -1 - ) It(N-i  1)2, such that Al’ has
full rank to rrlakc  the prohlcrr]  well posed. Ilowcvcr,  it earl hc shown t}lat the clloirx q’ leads in a ccrkin sense
to 1,1 Ic rl)iTliIrnmrl  variaricc  7MUVCJ707LL  et-lor solu~ioti. Writing fiW and fil for the solutions in the sul)spaccs,
I{(W)  ar)d 1/(1 ‘), rrspcctivcly,  it can hc shown that

w}lcrc  ti = u/lvl, with v = [1 . . . 1]7’.
(Xloosirlg  q’ also fiacilitatcs  I,hc cxprxxssio~]  for the vrrriancc  of the cstirnatc  a-s indicated irl the t,hcorcrn

I)clow.

‘T]lcorwrrr  1. ],ct Q S- 11(q7[”) dcrlotc the rl)casurcrrlcnt  noise ccwariancc n)atrix  from (27) and ]ct Ah
hc LIIC cliflcrrxlcc  ol)crator  dcfir]cd irl (24). “1’hcn  t}lc rrlitlirrlurrl  vmiallcc  solutiorl  is

wit}i Vari:)llcc
J;(Iu  - 121 2):. t7{[qJ’A~”Q” lAhV]” 1,

lf Q is a scalar matrix, i.e., Q =. 021 then the variance call hc cxpr-csscd as

wllcrc IJIC A{s arc the noIl~cro cig;c!lvalucs of A7’A

Wc will next scc how a very analogous situation clrwclops  for curvature sensing when using a 5 point
cliscrctizatiorl  schclr]c  for the l.aplaciarl, A point to km]] irl rrlind while wc develop the result hc]ow  is that
it is tied to this particular approximation of the l,ap]aciarl,  ancl other options for discretizatiorl  are available
for curvature scrisirlp;.

Chrvaturc scr]sing  produces the followirlg sarn]~]cd l,aplacian sig~lal:

A71~,j ‘1 Tlij z ~ij (2?8)

1 )iscrctixin~  t}~ l,aplacian via the 5 point schcmc 12 ]cads tO t,hc di fTcrcncc cquat,ion

4’?f~ij  -  ‘U)ij. 1 - ~~lj.l ~ -- ‘lJJi. ]j ‘ ‘U)il lj =
— .

}2
~ij ‘1 ~j .

lkrrn this discrctization  it can hc s}lown t}lat

A~’A},UJ  -I 71 = y

wit]l A}, dcfirlcd as irl (24). Al]alagous  to q’hcorclll  1, wc }Iavc for curvature Scrlsing rcconstructiorl

‘1’}lcorcxrl  2. lmt  Q dcrlotc  the covariancc  of the noise tern in (28) and let Ah hc the diffcrcncc operator
clcfirlcd irl (’24). q’hcn the ~llinirnurn variaticc  solutioll  is

wit}] variarlcc
l~(lu  - ti12) = tr{[q/7’A~’A)LQA:’AhV]-  1}

If <) is a scalar matrix, i,c., Q =-- 021 t}lcn the variance c:iTI bc cxprcsscd  as

~’~(lti - &12)  = 02},4tT{[qfV’A7’AA7’AqJ]-  r }

02 /L4
Y-]d~f”

a
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WIICIC tllc J[.s arc the ~lonzcro cigcrlvalucs of A7’A.

‘J’here are two cfiflcrcllcm  bctwccn  tllc variar)ccs for slope and curvature scrlsillg. T}IC first is the factor
of }14 t,}ML appears irl the curvdurc  sensor rccoristruct,ior  I error, versus t}lc factor of }L2 in the slope sensing
rc!(:f)rlstr~lctiorl  error. q’}lc sccorld cfiffcrwrlcc is that t~m rccollstructiorl  in curvature rccormtrLlction  iuvo]ves
LIIC SI~III  over t}lc scluarc clf tllc reciprocals c)f the cigcrlvalucs  of A7”A, as opposed to t,hc rcci~jrocals of the
cigcrlvalucs for slope sctwiug. llus wc scc itillncdiatcly  that the trade bctwcml curvature and slo~Ic sensing
is p,ovcrvicd  by ~Joth the growth of t}]c rcciln_ocals of the cigclivalucs  of the ],aplacian  and the mxh size.

011 square domains it is fortunate that these cigcnlvalucs  car] bc corrl~]utcd  analyl.ically  so that direct
rx]rll~mrisolls  t)clwcc]l  t,hc two methods earl hc rrladc.

l’rw~msitioll 3. ~’lic cigcnvalucs  of AY’A arc givcti t)y

Aij = 4- 2?(X2S-  7’ a nj
N - I I

-  2cclsh,  -, , i,j” z 0, . . ..N.

‘J’llis rcslllt  will t)c callccl u]mrl irl the ?Icxt scctiol)

4 ,  l’;sti]rlatiorl l’;r-ror, ~urvaturc  v s . IIart.lllallu Scllsor ~olrl~mrisoll.  In t,his s ec t ion  wcwil]
irlvcstigat,c arid corr)parc  t}lc estimation error for IIar-tIr)ann  al]d curvature sensors. ],cL W(Z)  denote the
illstt\IIL:]l)(>c)l~s  wavcfront  and u(x) t}lc corrcctcd  wavcfmrlt  surface. It will bc assurncd  that u(x) is forlncd
frort I t,}lc actuator rcsj)orkc  to t}lc TCC07LSh7fCI!d Wavcfror It based m the sensor information, (g’his wi]l bc
rl]adc ]]rccisc  hclow. ) ‘J’}]c rrlcarl  square cr-ror is

(29)

w}lcrc  A is the aperture of the dcforrrlal)lc  mirror, arid A(A) dcrlc)tcs  its area. (2n <~/~ gives the rms
waw:frork c~-ror in radians of p}mc,  where A dcrlotcs  t}lc scrlsing wavclcnglh  wavelcngl}i.) Now U(Z) is
dcvc]opcd as a lirlcar  function of the cstirrlatcd  sampled wavcfront  vector ti obtained via the reconstruction
]]roccss. ‘J’}Ius  wc write ti~ =- [d~(xl ) . . ‘‘. v“~(r~)]’ , where ti~(X~) is arl estimate of the wavcfront  at X1. l’or  each
wavcfror]t functiorl ZI)(T), ]ct 6W denote the vector [UJ(X 1 ) . . . ZU(ZN)]7$. l,ct 1,2(A) dcrlotc  the space of scparc
iIitmp, Ial)lc real valued furlctiorls or] A with irlricr product

<f, g>=
J

f(~)g(z)dz.
A

Sir]cc u. is a ]irlcar furlctiorl  of u“) t~lcre exists a ]irlear  operator q’ : RN -> 1,2(A) such that

If t}lcrc was r)o scllsc)r  or rccorlstructiorl  error wc would }]avc zi = dv~, arid J would simply rcducc  to the
fittir[g m for .Jfit . .

1

/
‘Jit ‘-  j(A)  * lw(z)  - Trhl}yrh. (30)

NCXt let J; denote t}lc cx~)cctatior)  operator ar]d otmr vc that

‘1’]IC  first irlt,cgral on the right above is rccogllizcd  as the fittirlg  error Jjit. NOtC that the last integral vanis}ws
si~lcc ti~ is all urlbia.scd rxtinlatc of 6UJ,  i.e., }~;(&u~ - uh) = O. ‘1’bus,

1;(J) = Jfif  -t - JA;A) * MP’(6U’ - d)) f]ak. (3:1)

7
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S o  Iiow wc will cxalliiuc  the irltcgral  tcrlrl  al)ovc.  Otmrvc  ttlat since 1’ : ItN - } 1,2(A), there exist
“iili’lucrl  cc’) furlctirms {~J1}fl  ~ C  1.2(A) SUC}l  t}lilt ~’C1 = ~’i, W}]CrC C1 dC1lOtC*  thC vcclor  ilI }~N Wit}l a  OIIC

irl tl)c i~” c]ltry  and zeros c]scwhcrc. ],cL L“” dcrlotc  t}lc adjoir]t of 1’,

< I“v,a >= < 21,7’(Y  > , f o r  al] v c I,2(A),  CY c Ii!N,

a n d  ?lotc t,]lat ~“~’ : }?N - ~ lr?N iS rC]lrCSCIltCd  :1S :1 IIl:ltI iX Wit}l  i~~h Clltry  (~” ~’)lj

J
(1’+7’)ij  = * ‘J’i’JJjdZ.

IICIICC,

(32)

(33)

Now let >; clcr]otc  t}lc N x N cowrriarlcc  Ir!atrix of the cslirrlatc  of 6w,

): = ]’/l(&I) - ‘i))(h) - tiJ)7’]. (34)

As with t,})c standar-d  adaptive optics error arlalysis,  t}lc slatic error Corltairls t}lc sum of the fitting
crlor I)]us  a scrmr/rccorlstructiorl  error tcrrn  co?ltair]irlg t}w estimation covariancc  matrix >;. I]owcvrx_,  in
this arlal ysis it is clear that this sensor/rccorlstrucLiorl cr[ ox is lil]kcd to the spatial correlation matrix of t}lc
actuatiorl  SC} ICIIIC  via the matrix ‘2’* 1’. Thcrcforc,  when cc][ t~paring various sensor/reconstruction mcth”ods,
the l)rccisc tcrrn  of illtercst is the csti]l)atiorl  crmr, whic]i wc denote as ~c.~,

(37)

AllhouEll  tlm correlation ~[latrix 2“ 1’ can hc derived frorr) either arlalytical  rnodcls  or cxpcrirncntal
c]ata, for the purpose of tl]c arlalysis  of t}lis section wc rllakc the sir[l~)lifyirlg  assumption that, the influcncc
furlclior]s  arc ort}lo.gona] with respect to t}lc 1,7 irlrlcr ])rc]duct. q’}]us  wc usc t}lc ap~)roxirnation

A(Ai)
Je.,t E -

A(A) ‘7’(X)”
(38)

l~or sc<,{ncr~tcd rr~irrors  this assur:]])tio~~  is valid. l’or  corltirmous face sheet mirrors a rnorc realistic aud
collscrvat,  ivc a.ssurrll)tion  is that Y’*9’ is diagor]ally dornirlarit. A rrmlt,iplicativc factor slightly greater than
unity  would t}lcn :i~)pcar  orl t,hc right side atmvc.

!3.1 . (2urvaturc  v s  Slope Sensirlg  Error- l’;stirrmtcs. I’uttirig  t}lc various picccs of t}lc analysis
to~,ot}lcr wc can now give sornc sirnp]c  rxtimatcs for the cst,iroatior]  crrc)r Je$t for s]opc and curvature sensing.

]rl t})c ca.sc c)f a square apcrlurc equipped wit}] arl ~ x ~ array c)f subapcrturcs, the covariancc  matrix
>; for either curvature or ]Iartrnann sensing is related to ttlc Cigctlvalucs  {~kl }kl of A7”A  giver] ill ]’reposition
4.3. “1’o a])ply  t}lc forrrmla for Jat it is ~]ccmsary  to corrl~jutc  the variances

2w}wrc o~lO~,c rrrld  Omrtie arc i,hc variauccs  for s]opc and curvature .Scrlsing, rcspcctivcly,
su~)a])cr-turc,

r-Jsk7pe  = 3x AI(}L, A)/16}LdN,

Assuming a circular



.-

wlwrc J is t,}lc operating wavc]cnglh,  }L= sutmrmrlurc  cli:irrwLcr,  N is the nunhx  of photons pcr sutmpcrture,
:in(l I(A, h) is a sccirig related tcr~n whic}l  gives the sloiw variarlce correction factor  M a furlction of h,lro.

13 Wc will ta.kc t}lc previous w.ilucs, j = 15071L,  and 1 =- .0571L to corn]]utcl(h, A) is Iicar urlity  for }1 <70 .

Ocu,.uc. ]Lccotlslruclion  errors were compar-cd  for varicms aTray sizes with N = 5, 10, 20, and 40 corresponding
Lo rlws}l widl}ls  of }L =. 2rrl,  ]m, .5111, and .25 m, rcspcctivc]y.  ‘Jihc.se results arc contained in g’ah]c  ‘2.

‘1’ahlc  2 .  &rrvature vs, Slo~~c Scxwilig  Rc!coxistruetion

h .25 .5 1.0 2,0

]Ia?lrflallrl 5.84 x 10- 7 7.87 x 10-7 1.23x 10- 6 2.13x 10- 6
~urvaturc 9.0’7 x 10’7 1.82 X10-6 3.68 X1 O- 6 7.60 x 10-6

\W]at is ohscrvcd  irl the l,ab]c is that the curvature scrisor  corn pares rnorc favorably with i,hc } ]art,rnalm
scrwor &s t}ic rcso]ution  ~7LC7tXL.SCS,  which is sorncwhat  colitra?’y  to what  is typical]y  rcporLcd2. The  t r ade
IJIat occurs bctwccr] tllc two sensing rrlcthods  is that although rcconstr-uction  error from the l,aplacian
mcamrcn]crlt  grows rnorc rapidly than the rcconslruct,  im] error from gradient rncasurcrncrks,  this ef[cct, is
rIlitigatcd  hy t}ic properly that t}w l,al)lacian  is a hif;hcr accuracy mcaxrrcrrlcnt,  ((9(h2) versus O(IL).) ‘1’his

trade is rl]adc rrmrc cvidcr]t in the asyrr]])totic eslirnatcs below.
IJor l:Lrp;c IV t,lic sulns  in q’hcorcrm  1 and 2 c:m he approxirrlatcd  as

g;, = 0( N2kJg(N)),

]4’rorn  t}]cse rr~)~m)xirr]ations  wc obtain a$yrn~)totic  csli rllatcs of the surface reconstruction error for slope
serisir]~  ar~d curvature scnsinc:

‘1’lleorcl[l  4. 1,cl, d = lcn~Lh of a squar-c aperture, ar,d let }L denote the mesh size. Then for large  d/h,
t}lc fol]owirlg asyIIlptotic  rcconslrucliorl  error cslirriatcs  arc ohLa.incd for s]opc sensing and curvature sctlsirg,
rcs~x>cLivcl.y:

arid

(39)

(40)

MOSl ~)rcvious corrq)arisons of S1 OPC and curvature scnsin[; rccorlstrucliorl  fixes the mesh size }L and
varies t}lc a])crlurc  size d. As d increases (wit}]  }L fixed) it is seen that the rrrls error from s]opc rncasurerncnt
rccorlstruction  (]hkf.$.~q=)  grows ]o~arithrilical]y  arid the r[us reconstruction error froIn curvat,urc  sensing
(ltM.$’cU,vC)  grows lirlcarly  as rcporLcdl. T}IC error ~)rolm~,atcs  diffcrcr]tly,  however, if wc fix the apcrlurc
si7,c aIId decrease  the mesh size. ltccalling  that

37( A 1
0810;)C. =

ititl ‘~ti’
(41)

and
11

‘m’”’ ‘- y ;[N ‘
(42)

where N dcrlotcs  the numl)cr  of collcctcd  photcnls,  wc firld t}lat

(43)

9
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(44)

!,’

*

‘1’hus  wc S(!C t]lat curvature scrEillg JIlay actua]]y  t)c advantagc!ous to ]]arlrmln scllsillg when the sut)apcrLurc
diarrlckrs TTNMt t)c srrlall. (Such a circur[lstatlcc  is crlvisiolwd for the dense sep;IIIcIltcd  prilnary rrlirror of the
SII; I,l;NII  tcl(;scopc]4.)
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